On the Total Degree of Certain L-Functions  by López, Ricardo García
Journal of Number Theory 86, 156162 (2001)
On the Total Degree of Certain L-Functions
Ricardo Garc@ a Lo pez1
Departament d’Algebra i Geometria, Universitat de Barcelona, Gran Via, 585,
E-08007 Barcelona, Spain
E-mail: rgarciamat.ub.es
Communicated by G. W. Anderson
Received January 5, 2000
Assume a polynomial f # Fq[x, y] and an additive character  of Fq are given.
From a set of exponential sums defined by f and  one can define an L-function
Lf (t), which by results of Dwork and Grothedieck is known to be a rational func-
tion. In fact, Lf (t) is the Artin L-function associated to  and to an ArtinSchreier
covering defined from f. In this note we give bounds for the number of poles of
Lf (t) and for its total degree (the number of zeros plus the number of poles). Our
bounds are given in terms of the Newton polyhedron of f. The bound for the total
degree we give improves, for polynomials in two variables, previous bounds of
E. Bombieri (1978, Invent. Math. 47, 2939) and A. AdolphsonS. Sperber (1987,
Invent. Math. 88, 555569).  2001 Academic Press
0. INTRODUCTION
In this note we give bounds for the number of poles and for the total
degree of certain Artin L-functions attached to a set of exponential sums
(where the total degree of a rational function is defined as the sum of the
number of zeros plus the number of poles). The exponential sums we con-
sider are defined by a polynomial in two variables with coefficients in a
finite field and a character of the additive group of this field. Estimations
for the total degree of such Lfunctions are relevant to the problem of find-
ing upper bounds for the absolute value of exponential sums (cf. [13,
Sect. 3]).
The bound for the total degree we give improves, for all polynomials in
two variables, both the bound given by Bombieri in [3, Theorem 1] and
the one given by Adolphson and Sperber in [1, (1.13)] (which in turn,
improved that of Bombieri in most cases, but not always). However, unlike
in [3] and [1], our result is restricted to the two-variable case.
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Adolphson and Sperber established in [1] and in several other papers a
fruitful connection between the study of exponential sums and L-series and
the work of Kouchnirenko in singularity theory [11]. This connection
relies on the consideration in both settings of Newton polyedra and certain
functions and numerical invariants attached to them, and also on the fact
that one can perform some constructions in the p-adic setting which are
analogous to those of Kouchnirenko and which have proved to be useful
in the study of those arithmetic problems. On proving the validity of our
bound, we pursue this line of research as well (in fact, our proof makes
essential use of the estimate given by Adolphson and Sperber in [1, (2.1)]).
But this is not only because of the consideration of Newton polyhedra, but
also because we actually reduce the problem to one in the complex setting,
where we use some recent results in singularity theory to complete the
proof of Theorem 0.3 below.
(0.1) Let p be a prime, let Fq denote the finite field of q= ps elements,
let  be a nontrivial additive character of Fq . For all m0 consider the
exponential sum
Sm ( f ) :=:  } Tr( f (x, y)),
where Tr: Fqm  Fq denotes the trace map and the sum is over all
(x, y) # (Fqm)2. The associated L-function is
Lf (t) :=exp \ :m1 Sm ( f )
tm
m+ .
In fact, Lf (t) is the Artin L-function associated to the ArtinSchreier cover-
ing zq&z= f (x, y) of A1Fq and to the character  (cf. [3]). It follows from
well-known results of Dwork and Grothendieck that Lf (t) is a rational
function of t. As in [1], we will bound its total degree in terms of the
Newton polyhedron of f.
(0.2) Definition. Let k be any field, and let
f =: ai, j xiy j # k[x, y]
be a polynomial. The Newton polyedron of f is the convex hull in R2 of the
set [(i, j) | ai, j {0] _ [(0, 0)], we denote it by 2( f ). We will say that 2( f )
is two-dimensional if it is not contained in any line. In such a case, we
denote by vol( f ) the volume of 2( f ) and by lx( f ), ly ( f ) the length of the
intersection of 2( f ) with the coordinate axis. If 2( f ) is contained in a line,
we will say it is one-dimensional and we will denote its length by l( f ).
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In this note we prove the following theorem:
(0.3) Theorem. Let f # Fq[x, y] be a polynomial. let  be a nontrivial
additive character of Fq . For the corresponding L-function one has:
(a) If 2( f ) is one-dimensional, then
(i) the number of poles of Lf (t)l( f )+1, and
(ii) the total degree of Lf (t)2 l( f )+2.
(b) If 2( f ) is two-dimensional, then
(i) the number of poles of Lf (t)2 vol( f )&lx( f )&ly ( f )+2, and
(ii) the total degree of Lf (t)4 vol( f )&lx( f )&ly ( f )+4.
The proof we give relies on the use of rigid cohomology. We refer the
reader to [2, 9] for unexplained notions concerning rigid cohomology and
overconvergent F-isocrystals.
1. PROOF OF THE THEOREM
We keep the notations of the Introduction. Let Qp denote the field of
p-adic numbers and fix an algebraic closure Q p of Qp . If q= ps, let
Qp /Ks /Q p be the unramified extension of Qp in Q p of degree s. The
character &1 of Fq determines a root ? # Q p of the equation xq&1=
(&p)(q&1)( p&1) (see e.g. [9, (6.1)]. We set K=Ks (?) and we denote by O
the ring of integers of K, which is a complete discrete valuation ring.
(1.1) We consider first the cohomological expresion of the L-function
which follows from the trace formula of Etesse and Le Stum (cf. [9]): Let
X=A2Fq , and view f as a map f: X  A
1
Fq
. The character &1 determines an
overconvergent FK-isocrystal of rank one on A1Fq that will be denoted
L&1 . Set L= f *L&1 . We know after [2, (3.10)] (cf. also [12]) that
the K-vector spaces H irig (X, L) are finitely dimensional and they are
endowed with a Frobenius automorphism F. Put ci (t)=det(Id&tq2F&1 |
H irig (X, L)) for i=0, 1, 2. Then one has [9, 6.5]
Lf (t)=
c1 (t)
c0 (t) } c2 (t)
.
Let A-=K[x, y]- denote the MonskyWashnitzer ring of power series
with coefficients in K which are convergent on some open disk in K cen-
tered at the origin and of radius strictly bigger than 1. Set 0K-, i=4 iA- and
let f # O[x, y] be a lifting of the polynomial f such that f and f have the
same Newton polygon.
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It follows from [9, (6.1)] (see also [4, (2.6.1.1)]) that if we define a map
df (|): 0-, iK  0
-, i+1
K
by df (|)=d|&? df 7 |, then d
2
f =0 and there is an isomorphism of
K-vector spaces
H irig (X, L)&H
i (0-,K *, df ),
where the right-hand side denotes the i th cohomology of the complex
(0-,K *, df ).
(1.2) We claim that dimK H 0rig (X, L)1. Via the isomorphism above,














It is easy to see that the formal power series g(x, y) which verify these
conditions forms a K-vector space of dimension one (the assignment
g [ g(0, 0) is an isomorphism). If these formal solutions belong to A-, then
dimK H 0rig(X, L)=1; otherwise, dimK H
0
rig(X, L)=0 (both cases are
actually possible).
(1.3) We will next give a bound for dimK H 2rig(X, L). If k is a field, let
0ik=4
i (k[x, y]) for i=0, 1, 2 denote the module of algebraic ith differen-
tial forms in two variables with coefficients in k. Put
EK=H2 (0*K , df ) and E
-
K=H
2 (0-,K *, df ).
Note that both EK and E -K are topological K-vector spaces, and the
obvious linear map %: EK  E -K has a dense image.
The K-vector spaces 0-, * are inductive limits of Fre chet topological vec-
tor spaces (so-called LF-spaces; cf. [10, Chap. 4, Part 1]). It follows then
from a theorem of Grothendieck [7, The ore me 4.4.2], to our knowledge
first applied in the p-adic context by Christol and Mebkhout in [loc. cit.],
that E -K is a Hausdorff topological space. Since we know from [2] that it
is finitely dimensional as well, it follows that the map %: EK  E -K is a sur-
jection, and in particular, dimK E -KdimK EK . The integer dimK EK
depends on the lifting f of the polynomial f. We will show next that we can
choose an appropiate lifting so that this dimension can be computed in
terms of the Newton polyhedron of f.
We consider first the case where 2( f ) is two-dimensional. From
Krasner’s lemma it follows that the field K will be the completion of a
159DEGREE OF L-FUNCTIONS
number field K0 at some place over p; let j : K0 / K be the inclusion of
fields and O0 the ring of integers of K0 . The image j(O0) will be dense in O,
so we can assume that the coefficients of our lifting f are on j(O0). We
will denote by f0 the polynomial f when regarded as an element of
O0[X]/K0[X]. Moreover, taking a finite extension of K0 if necessary, we
can assume that ? # j(K0); we set ?0= j&1 (?). Choose an immersion
i : K/ C of K in the field C of complex numbers. We denote by fC the
polynomial f0 viewed as a polynomial with coefficients in C via the embed-
ding i. We set ?C=i(?0). Let N denote the number of points with integer
coordinates in the Newton polyhedron of f. The assignment g= aij xiy j
[ (aij) # CN establishes a bijection between the set of complex polynomials
with only isolated critical points and with the same Newton polygon as f
on the one hand and a nonempty Zariski open subset U of CN on the other
hand [11, The ore me 6.1] (here one uses that 2( f ) is two-dimensional).
The polynomial fC corresponds to a point (a0ij) # C
N. Then the set
[(a0ij)+ pZ
N]/CN is a lattice in CN which will have a nonempty intersec-
tion with U. We can therefore replace f by another lifting of f which still
has coefficients in j(O0) and is such that, when viewed as a polynomial with
complex coefficients, it has only isolated critical points. From now on, we
will assume that our lifting f verifies such a condition.
As in the p-adic case, we can define differentials df0 : 0
i
K0
 0 i+1K0 (respec-




C ), just formally replacing f and ? with f0 and ?0
(respectively, with fC and ?C). We set EK0=H
2(0*K0 , df0), EC=H
2 (0*C , dfC).
Clearly, EK=EK0 K0 K and EC=EK0 K0 C and therefore
dimK EK=dimK0 EK0=dimC EC .
It is known (see e.g. [14, (5.1)]) that a polynomial with complex coef-
ficients determines a locally trivial fibration over the complement of a finite
set in the complex plane. We will denote by bi (i=0, 1), the Betti numbers
of the generic fiber of fC . It is proved by Saito and Dimca in [8, Theorem
(0.3)] that one has the equality b1=dimC EC . On the other hand, since the
polynomial fC has only isolated critical points and the same Newton
polyhedron as f, it follows from [6, The ore me 10] (cf. also [5, Theorem
5.2]) that b0=1 and b12 vol( f )&lx( f )&ly ( f )+1. Summing up,
dimK H 2rig(X, L)=dimK E
-
KdimC EC
=b12 vol( f )&lx( f )&ly ( f )+1.
From these (in)equalities and (1.2) above, Part (b.i) of Theorem 0.3
follows. On the other hand, it is proved in [1, (1.12)] that one has:
&lx( f )&ly ( f )number of poles of Lf (t)&number of zeros of Lf (t),
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and now Part (b.ii) of Theorem (0.3) follows from this inequality and
Part (b.i).
If 2( f ) is one-dimensional, then it is a segment starting at the origin, of
length l( f ) and with slope ab where ab0 are integers. Assume a, b{0.
Then the polynomial f is of the form f =h(xayb) where h # Fq[t] is a poly-
nomial in one variable of degree d (and one has l( f )=d } (a+b)). Choose
a lifting f =h (xayb) with the same form. If, as in the two-dimensional case,
we view f as a complex polynomial, then its generic fiber has Betti numbers
b0=b1=l( f ) (one can see this for instance by computing first the Betti
numbers of the hypersurface xayb=c, c # C&[0]). Then, as above,
dimK H 2rig(X, L)l( f ) and (a.i) follows from this inequality and (1.2).
Using again [1(1.12)] and (a.i), one obtains (a.ii).
It remains only to consider the case where f # Fq[x]/Fq[x, y] is a
polynomial in one variable only, which can be done in several ways. For
example, if L1f (t) denotes the L-function of f regarded as a polynomial in
one variable, then one has Lf (t)=L1f (qt). Now the same methods used in
Case (b) of Theorem 0.3 allow us to bound the number of poles and the
total degree of L1f (t) and then one gets (a.i) and (a.ii).
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